Abstract-In this paper, the problem of joint data-rate allocation and mobile terminal (MT) assignment is investigated in a heterogeneous wireless network (HetNet) environment that consists of wireless local area network (WLAN) access points (APs) and cellular base stations (BSs) for a best-effort service. MTs are equipped with multiple radio interfaces and have multihoming capabilities. As a result, MTs can connect simultaneously to more than one wireless network (e.g., cellular network BS and WLAN AP) and aggregate the offered bandwidths from these networks to support applications with high required data rates. Unlike the existing research, to account for the MT's limited number of radio interfaces and the abundant wireless network options, the joint MT assignment and data-rate allocation problem is formulated to select the optimal subset of networks for each MT and allocate the optimal data rate share from this subset to maximize the HetNet total utility. The problem is formulated as a mixed-integer nonlinear program (MINLP), and due to its intractability and computational complexity, we transform the problem into a convex optimization problem via a binary variable relaxation approach. Based on the mathematical analysis of the problem, we present a heuristic algorithm for joint MT assignment and data-rate allocation. Numerical results demonstrate that the proposed solution achieves a near-optimal MT assignment and data-rate allocation at reduced computational complexity.
operating system. To support the inevitable dynamic changes in NGWNs, heterogeneous wireless networks (HetNets) have become an integral part of NGWNs, where several wireless technologies can coexist, such as wireless local area networks (WLANs) and Third-Generation Partnership Project systems of the Universal Mobile Telecommunications System (UMTS) and Long-Term Evolution (LTE). HetNets comprise several cellular base stations (BSs) and WLAN access points (APs) with overlapped coverage that can improve energy consumption, network capacity, data rate, and coverage [1] , [2] . Thus, new radio resource allocation mechanisms should be investigated to provide an efficient usage of all available networks in HetNets. Cooperation among different wireless technologies enable them to complement each other and provide seamless data services and connections.
The radio-resource-allocation problem in a HetNet can be categorized into two types: 1) single network access allocation, where mobile terminals (MTs) 1 can access only the required data rate from a single network, where this single network is the best available network at the MT location; and 2) multihoming network allocation, where MTs can simultaneously utilize all the available networks and aggregate the offered data rate from these networks to improve the achieved data rate [3] . Specifically, each MT is covered by a set of overlapped networks that consist of a combination of cellular BSs and WLAN APs [4] [5] [6] . MT manufacturers, such as Apple, LG, Blackberry, and Samsung, provide standard built-in WLAN and cellular technologies. For instance, Apple's iPhone operating system (iOS) 7 supports the multiple-connection transmission control protocol, which allows users to utilize both LTE and WLAN connections simultaneously [7] . Another example of "multihoming" is the concept of "Open Garden" app, which enables all devices to find the best available network combination [8] .
Currently, MTs are equipped with multiple radio interfaces such as cellular and WLAN to efficiently use all the available networks. Additionally, an MT can maintain simultaneous connections from different access networks using its cellular and WLAN interfaces to provide an increased aggregated data rate with multihoming capability to support applications that require higher data rates. Furthermore, because at least one radio interface is active, it will provide seamless mobility support and reduce the call blocking rate [9] . Therefore, "multihoming" has gained significant attention recently.
A. Related Work
There are many studies dedicated to the radio-resourceallocation problem in HetNets. Existing studies can be divided into two categories: single-network resource allocation, and multihoming network allocation, respectively. In what concerns the first category, the data-rate resource-allocation methods are studied in [10] [11] [12] [13] . Data-rate allocation and call admission control algorithms are proposed for different classes of services in [10] . The work in [11] develops a distributed resourceallocation method based on a convex optimization mechanism to find the optimal data rate for a minimum required data rate. However, in [11] , only a single network connection is considered. In [12] , a utility-function-based resource-allocation scheme is introduced, which exploits a convex optimization mechanism for code-division multiple access (CDMA) and WLAN networks. In [13] , a stochastic programming method is utilized to handle the probabilistic nature of demand uncertainty in HetNets. The major drawback of considering a single network connection is that it causes call dropping if there are no other networks such as WLAN and/or cellular networks in the area because the MT cannot be satisfied with the required data rate.
The bandwidth resource-allocation methods belonging to the second category are studied in [4] [5] [6] and [14] [15] [16] [17] [18] [19] , where novel algorithms are proposed to allocate the radio bandwidth resource to different traffic types based on a specific utility of the service supported over all the available networks. Utility fairness is considered in [14] to accommodate the bandwidth for different traffic types such as variable bit rate and constant bit rate. In [15] and [17] , a noncooperative game theory is used to allocate the bandwidth in a HetNet where the requested bandwidth is collected from all the available networks. In [16] and [18] , a cooperative game-theoretic approach is proposed to create an alliance among different types of networks. In [4] , different traffic types and MT types are considered to maximize the utility function while maintaining QoS. The utility maximization problem is solved optimally via a convex optimization method for radio resource allocation in a distributed manner. The work in [19] proposes an opportunistic user association for HetNets to address a resource-allocation problem for machineto-machine traffic under a cooperative Nash bargaining solution method. In [5] , optimal centralized and suboptimal decentralized resource-allocation algorithms are proposed to account for both single network and multihoming service, and their performance is compared. In [6] , a decentralized resource-allocation algorithm is proposed to reduce the resource-allocation complexity in the HetNet while considering the arrivals of new calls and service requests. Therefore, MTs with multihoming capabilities can further optimize the utilization of the resources of the HetNets [20] .
B. Contributions
In HetNets, researchers mainly assume that an MT connects to all existing networks in a multihoming fashion. However, this vision overlooks the fact that the MT is equipped with only a limited number of radio interfaces for each network type, i.e., one cellular interface and one WLAN interface. Hence, the MT has to select one cellular BS and one WLAN AP from all the available ones to get its required data rate in a multihoming fashion. To account for the limited number of interfaces for MTs, we formulate a joint MT assignment and data-rate allocation problem to support MTs with multihoming capabilities.
The contributions of this paper are summarized as follows.
• The multihoming radio-resource-allocation problem is formulated as a nonconvex mixed-integer nonlinear program (MINLP) [21] [22] [23] [24] [25] [26] [27] to jointly perform MT network assignment and data-rate allocation for a set of MTs with multihoming capabilities within overlapped coverage of WLAN APs and cellular BSs for best-effort service.
• We show that the multihoming radio-resource-allocation problem can be converted into a convex optimization problem after applying relaxation on the binary MT assignment variable and reparameterization of the data-rate variable. A Lagrangian decomposition approach is proposed to solve the relaxed convex optimization problem by dividing the problem into four subproblems.
• We derive a lower bound and an upper bound for the optimal value of the nonconvex MINLP problem. A closed-form upper bound is derived using a modified Lagrange duality method. However, the relaxed convex optimization problem does not necessarily provide a binary solution; therefore, the relaxed convex problem cannot perform the MT assignment. To ensure the binary assignment, we propose a heuristic method. We first assign the users and then allocate the data rate based on the selected MT assignment. Using such an approach, a lower bound is derived. Furthermore, it is also illustrated that, under certain conditions, the lower bound coincides with the upper bound; thus, it achieves the optimal value of the MINLP. In this way, the computational complexity is dramatically reduced.
• Numerical results of the proposed heuristic algorithm are compared with the commercially available software: General Algebraic Modeling System (GAMS)/BranchAnd-Reduce Optimization Navigator (BARON) [28] . The GAMS/BARON incorporates the branch-and-bound method and obtains global optimality while also utilizing the reduction tests. However, complexity and time consumption of GAMS/BARON increase dramatically when we consider a system with a large number of networks and MTs that compete on the available data rate at different networks.
• In literature, many studies utilize the relaxation method and the Lagrangian multiplier approach to reduce the computational complexity of MINLP problems [21] , [29] [30] [31] [32] [33] . However, these studies assume that the timesharing property is in place [25] because the orthogonal frequency-division multiplexing (OFDM)-based system has many subcarriers. When the number of subcarriers is significantly large, then the relaxed problem approaches the optimal solution [25] . In [34] , the nonconvex MINLP problem is converted into a convex problem by utilizing the successive convex approximation (SCA) method after binary variable relaxation to evaluate the energy efficiency of the problem. Then, the problem is solved in two steps by using the branch-and-bound method for user association, channel allocation, and power allocation. Furthermore, in [35] a joint resource allocation and user association approach is proposed to provide an upper bound by utilizing numerical analysis. The optimal resource allocation, which is converted into a convex problem, can be solved using the methods in [36] . However, it is assumed that the user can occupy a noninteger number of OFDM subcarriers. In this paper, we show that regardless of the number of MTs or BSs/APs, our proposed approach exhibits tight bounds for the optimal solution. Additionally, we show that the relaxation approach does not provide the optimal solution in all cases; therefore, we provide the optimality rules, and based on them, we derive a heuristic solution that achieves a near-optimal allocation and, in some cases, the optimal solution.
The remainder of this paper is structured as follows. The system model is presented in Section II. The multihoming radio-resource-allocation problem is formulated and solved in Section III. Numerical results and discussions are given in Section IV. Finally, conclusions are drawn in Section V.
II. SYSTEM MODEL
We consider a HetNet where a combination of WLAN APs and cellular BSs present overlapped coverage as shown in Fig. 1 . The cellular BSs can be a mixture of different cellular BS types, such as macro base station (MBS), micro base station (MiBS), and femto base station (FBS). The network sets corresponding to WLAN APs and cellular BSs are denoted by
The candidate set of connected cellular BSs and WLAN APs that the MT selects from are those with the highest received signal strength; hence, the MTs are already within their coverage area. However, the question is how to assign MTs to these networks and allocate data rates to different MTs' radio interfaces in a way that maximizes the total data rate of the heterogeneous network. The wireless networks are operated in separate frequency bands by different service providers; hence, no interference exists among these networks. Interference management techniques (e.g., frequency reuse [37] [38] [39] [40] ) are adopted for interference mitigation among BSs of the same network.
The set of MTs located within this HetNet is denoted by M = {1, 2, . . . , M}. Each MT is equipped with WLAN and cellular interfaces. The set of interfaces is denoted by I = I 1 ∪ I 2 , where I 1 and I 2 represent the WLAN and cellular interfaces, respectively, and I 1 ∩ I 2 = ∅. The allocated data rate from network n ∈ N to radio interface i ∈ I of m ∈ M MT is denoted by r nmi . Although some of the smartphones with a dual SIM card present more than one cellular radio interface, these interfaces cannot be used simultaneously for two different calls. Therefore, we assume that the MT can have multiple interfaces of the same type, but the MT can only utilize one interface of the same type at a given moment of time.
Hence, the MT can utilize one radio interface from I 1 and one radio interface from I 2 and aggregate the offered data rate from these two radio interfaces to support its ongoing call. The binary MT assignment variable is denoted by x nmi . Each AP in WLAN is assigned a single channel, and MTs share this channel via an enhanced version of the distributed coordination function (DCF), which enables MTs to avoid transmission collisions [17] , [41] .
III. PROBLEM FORMULATION
Here, the multihoming resource-allocation problem is formulated. Mathematical modeling of resource allocation and scheduling algorithms has been widely investigated in literature [42] . One prominent feature of these algorithms is to employ the utility functions [14] , [36] , [42] [43] [44] [45] [46] [47] . Many criteria can be considered in the utility functions based on the layers of the operating-system interconnection model, such as cochannel interference, channel gain, and fading, which are physicallayer parameters. However, in this paper, only the connectionlevel data-rate allocation problem is considered in the upper layers (network layer) under the assumption of a successful call admission protocol [48] . Therefore, we do not consider the physical-layer constraints [4] , [45] , [49] [50] [51] [52] , and instead, we consider in this first step of research the maximization of a utility function that depends on the achieved data rate.
We adopt a utility function perspective to account for the proportional fairness among users [53] , [54] . Let u nmi (r nmi ) denote the utility function of network n allocating data rate r nmi to i ∈ I of m ∈ M. Then, the utility function can be defined as
where η is used for scalability of r nmi , and x nmi ∈ {0, 1} stands for the binary MT assignment variable for interface i ∈ I of MT m ∈ M to network n ∈ N . The overall resource-allocation objective of all the networks resumes to finding the optimum allocation r nmi ∀ n ∈ N ∀ m ∈ M ∀ i ∈ I that maximizes the total utility in the region, which is expressed as
For each network n, the allocated resources should be such that the total load in its coverage area is within the network capacity limitation Z n , i.e., m∈M i∈I
The data-rate resource-allocation problem is formulated under the assumption of proportional fairness in the overlapped WLAN APs and cellular BSs. Using (1), (3), and binary assignment variable x nmi , the primary data-rate resource-allocation problem (P 1 ) can be expressed in the form of the following nonconvex MINLP:
n∈N m∈M i∈I
m∈M i∈I
The objective function is given in (P 1 ); the constraint (Cp 1 ) ensures that the allocated resource cannot exceed the capacity limit, and constraints (Cp 2 ) and (Cp 3 ) guarantee that an MT can only connect to WLAN networks using WLAN interfaces. Moreover, the constraints (Cp 4 ) and (Cp 5 ) assure that an MT can only establish a connection to the cellular BS using only its cellular interfaces. Furthermore, constraint (Cp 6 ) secures that the allocated data rate is always a positive quantity, and (Cp 7 ) describes the binary nature of the assignment variable.
It can be seen that (P 1 ) is a nonconvex MINLP problem that involves both binary variables x nmi and real-valued positive data-rate variables r nmi . Due to the computational complexity and mathematical intractability, MINLP is an NP-hard problem [55] , [56] . For instance, without considering the number of interfaces, i.e., |N | = 2, |M| = 50, and |I| = 1, there will be a total of 2 50 network and MT assignments. If the number of MTs is smaller than the number of available BSs/APs, there is no need to do a resource allocation, and an MT can connect to any available BS/WLAN AP. However, in practice, this is not the case. The number of MTs is much greater than the number of BSs/ WLAN APs. Therefore, pairing is not possible, and instead, MTs have to share the radio resources of these BSs/APs. The question of what is the optimal MT assignment and data-rate share for each MT when the number of MTs is significantly larger than the number of available BSs/APs is the case in this paper.
In this paper, a lower bound and an upper bound are derived for the value of objective function (P 1 ). Specifically, the binary variable is relaxed such that the MINLP problem resumes to a convex optimization formulation and a closed-form upper bound is derived using a modified Lagrange duality method. However, the relaxed convex optimization problem does not necessarily have a binary solution; therefore, it might not be able to perform the MT assignment. Motivated by the modified Lagrange duality method, a heuristic method is proposed to first assign the users and then allocate the data rate based on the selected MT assignment. In this way, a lower bound is derived in a closed form. Furthermore, it is also illustrated that, under certain conditions, the lower bound coincides with the upper bound; thus, it achieves the optimality of the MINLP.
A. Upper Bound: A Convex Relaxation Approach
To convert problem (P 1 ) into a convex optimization problem, we adopt the binary relaxation approach [21] . The binary constraint x nmi ∈ {0, 1} is modified by allowing x nmi to take any fractional value in the interval [0,1]. In addition, a new variable w nmi = x nmi r nmi is introduced such that the relaxed optimization problem resumes to max w,x n∈N m∈M i∈I
It is shown in Appendix A that problem (P 2 ) is a convex optimization problem. In addition, it is easy to verify that there exists an interior point in the feasible region. Thus, the Slater's condition holds, and the problem presents a zero duality gap [57] . In this way, the optimal solution of problem (P 2 ) can be derived using the Lagrange duality method. However, such an optimal solution is not necessarily binary, and it may not satisfy the binary constraint in problem (P 1 ).
In the following context, the optimal objective value for the relaxed problem (P 2 ), which is denoted V * U , is derived in a closed form using a modified Lagrange duality method. Consequently, if we denote the optimal objective value of (P 1 )
is optimized over a larger constraint set.
The Lagrangian of problem (P 2 ) can be expressed as
where λ n ∈ R + stands for the Lagrange multiplier associated with the network data rate constraint (Cr 1 ). The dual function is therefore
where D 1 denotes the feasible domain of constraint (Cr 1 ). Since the problem is convex with a zero duality gap, the Karush-Kuhn-Tucker condition holds [57] . Taking the derivative of L(x, w, λ) over w yields
where it is assumed that λ n = 0. If we assume (1/λ n ) − (1/η) < 0 (λ n > η) for any network n ∈ N , then w nmi = 0 ∀ m ∈ M, i ∈ I, n ∈ N , which does not meet the complementary slackness requirement, i.e., λ n m∈M i∈I
Therefore, it can be seen that 0 < λ n ≤ η, ∀ n ∈ N , and the relationship (6) between w nmi and x nmi can be simplified to
Plugging (8) into (5) leads to
where
The problem above can be decomposed into four subproblems
n∈N λnZn is neglected since it is optimized over x.
It is observed that the only feasible solution for problems (P 4 ) and (P 5 ) is all zeros. Therefore, only (P 3 ) and (P 6 ) need to be solved in this case.
Toward this end, we assume that N 1 WLAN networks and N 2 cellular networks are available. Moreover, for brevity, a new variable s nm is defined as s nm = i∈I 1 x nmi , n ∈ N 1 . Thus, problem (P 3 ) is resumed as
s.t.
To obtain a better understanding of this optimization problem, matrix S = [s nm ] is introduced as follows:
In this way, the constraint (11) can be interpreted as follows: The summation of all elements in each column is less than 1. Moreover, the term associated with A(λ n ) in (10), i.e., M m=1 s nm , can be interpreted as the summation of all elements in the nth row. It is observed that the maximum of the objective function (10) depends on the value of λ n . However, it is proved in Appendix B that all λ n are equal, i.e.,
Based on (13), objective function (10) is reduced to
It turns out that it is maximized when
and it admits the optimal value MA(λ 1 ). Defining h nm = i∈I 2 x nmi , n ∈ N 2 and following similar steps yield the optimality condition for problem (P 6 ), we have
Similarly, the optimal value is expressed as MA(λ N 1 +1 ), where
Combining these results, the dual function g(λ) is expressed as
Equations (17) and (18) express the total data rate assigned by the WLANs and cellular networks, respectively. It is also assumed that the same type of networks have the same datarate capacity
g., the situation where each WLAN assumes 54 Mb/s and each cellular network admits 50 Mb/s. The dual problem resumes to minimize g(λ) with respect to λ, i.e.,
The dual problem (19) is a convex optimization problem and achieves the closed-form solution
In this case, since problem (P 2 ) presents a zero duality gap, it follows that
where λ * 1 and λ * N 1 +1 are given in (20) . Moreover, v * U represents an upper bound for the original MINLP problem, i.e., v * ≤ v * U . The optimal primal points x * are chosen such that conditions (14) and (15) are met. In terms of x, they are expressed as
In the meantime, all the variables associated with (P 4 ) and (P 5 ) are zeros. Moreover, since w is expressed in terms of x in (6), the constraint associated with variable w, i.e., (Cr 1 ), also needs to be checked, i.e., m∈M i∈I
where the equality is achieved due to the complementary slackness in (7) . Specifically, the optimal points w * can be expressed as
and (23) becomes
In a more compact form, (22) and (25) can be considered in terms of s * nm and h * nm such that the optimality conditions for problem (P 2 ) can be depicted in a 2-D space as follows:
where 0 ≤ s nm ≤ 1, and 0 ≤ h nm ≤ 1. The solution to the convex problem (P 2 ) does not lead to a binary assignment solution since x is relaxed and no longer binary. It just gives an upper bound for the objective function value. Therefore, we need to find an assignment and a data-rate solution. Therefore, we study the structure of (P 2 ) using the Lagrangian approach, and from its optimality conditions, we derive the heuristic approach, which leads to a near-optimal solution.
B. Lower Bound: A Heuristic Method
If a binary s nm and h nm satisfying the above constraints can be found, then any x nmi with s nm = i∈I 1 x nmi , n ∈ N 1 and h nm = i∈I 2 x nmi , n ∈ N 2 (the rest x are all zeros) is an optimal solution for the original MINLP problem (P 1 ). This argument can be proved in two steps: First, such an x satisfies the optimality conditions (26)- (29) for problem (P 2 ) and thus achieves a larger objective value than v * ; second, such an x is a feasible solution for problem (P 1 ) and consequently achieves a lower objective value than v * . In this way, the argument is proved, and the corresponding optimal w is given by (24) .
Combining (26) with (28) and (27) with (29), the problem whether a binary optimal solution exists can be interpreted as two matrix assignment problems: 1) if an N 1 × M matrix S * with binary elements can be found such that the summation of all elements in each column is 1 and the summation of all elements in each row is M/N 1 and 2) if an N 2 × M matrix H * with binary elements can be found such that the summation of all elements in each column is 1 and the summation of all elements in each row is M/N 2 . However, it can be seen that, generally, such two matrices do not exist, and only fractional optimal solutions can be obtained from problem (P 2 ). Therefore, here, a heuristic method is proposed based on the optimality conditions (26)- (29). Specifically, the proposed heuristic method first assigns users and then optimizes the data rate based on the selected MT assignments.
We first round the right-hand side of (28) and (29) to the largest integers not greater than them and relax (26) and (27) as follows:
Then, any binary s nm and h nm satisfying (30)- (33) is a feasible solution for problem (P 1 ) since (30) and (31) guarantee the feasibility of (Cp 2 ) and (Cp 4 ), and the binary property meets (Cp 7 ). Equivalently, the binary s nm and h nm are obtained by alternatively finding two matrices S * and H * such that, for each matrix, the summation of all elements in each column is less than 1, and the summation of all elements in each row is M/N 1 and M/N 2 , respectively. It is easy to verify that such two binary matrices always exist. Specifically, we select S * and H * as follows:
, and K 1 , K 2 are the remainders of M/N 1 and M/N 2 , respectively. In this selection, although the last K 1 users are not assigned any WLAN data rate, they are compensated with the cellular data rate. Similarly, the first K 2 users are not assigned any cellular data rate, but they are compensated with the WLAN data rate. Thus, the MT assignment is made with respect to s nm and h nm . Then, the specific interface can be randomly picked such that s *
To this end, what remains is to allocate data rate based on the selected MT assignments. It can be obtained by solving the following convex optimization problem:
where x * nmi stands for the MT assignments based on (34) and (35) . It is easy to verify that the given optimization problem is maximized when the data rate of each network is equally allocated for the assigned users. In a matrix form, it is represented in (36) and (37), shown at the bottom of the next page, where W * 1 and W * 2 stand for the data-rate allocation for WLAN and cellular networks, respectively. Therefore, using this heuristic method, the MT is assigned based on matrices (34) and (35) . Based on the MT assignment in (34) and (35), the data rate is allocated according to matrices (36) and (37) . Since the proposed heuristic only provides a feasible solution of the MINLP, a closed-form utility function value can be calculated based on (34)-(37) as a lower bound of the MINLP, which can be expressed as
The difference between the original MINLP and the heuristic method is bounded by
In this way, although we are not able to get the difference between our heuristic method and the MINLP analytically since v * is generally not traceable, an upper bound is obtained to measure how our heuristic method works.
As discussed earlier, if two binary matrices S * and H * can be found such that conditions (26)- (29) are met, then the optimality of problem (P 1 ) is achieved. This occurs in our heuristic method when K 1 = 0 and K 2 = 0, or equivalently, the remainders of M/N 1 and M/N 2 are zeros. In this case, our heuristic method is optimal based on the MT assignments (34), (35) and data-rate allocations (36) and (37) . Furthermore, v * L in (38) coincides with v * U in (21) and thus achieves v * in a closed form.
C. Complexity Analysis
The original problem (P 1 ) is a MINLP, which is NP-hard [55] , [56] . After relaxing the binary variable in (P 1 ), we obtain a convex optimization problem (P 2 ). Solving problem (P 2 ) leads to an upper bound of the original problem (P 1 ). For (P 2 ), the gradient method is employed to solve the dual problem of the convex optimization [21] , [58] . With regard to the problem (P 2 ), the total number of computations needed for resource allocation is N M I, and the number of dual variables is N . Therefore, the overall complexity to solve (P 2 ) using the gradient method is O(
, which is polynomial (cubic) in number of networks N and linear dependence with respect to MTs M and radio interfaces I. In this paper, we have further investigated the properties of the dual problem and derived a closed-form Lagrange dual function in terms of λ, as shown in (19) . In this way, the convex optimization problem (P 2 ) is solved in a closed form, and the upper bound is given in (21) . Finally, we have proposed a heuristic method, which achieves a closed-form near-optimal solution for the MINLP (P 1 ). Specifically, the users are assigned based on (34) and (35), and the corresponding data rate is allocated based on (36) and (37) . Thus, it significantly reduces the computational complexity compared with the resource-allocation problem (P 1 ).
IV. NUMERICAL RESULTS
Here, our proposed method is validated via numerical simulations. In particular, the heuristic solution is compared with the solution yielded by the GAMS/BARON [28] . The proposed heuristic solution is implemented in MATLAB. We consider a scenario in which different wireless network technologies are deployed: IEEE 802.11 WLAN based on an enhanced version of the DCF [41] and fourth-generation (4G) cellular BSs such as MBS, MiBS, and FBS. We consider six service area scenarios that have overlapped coverage. In area 1, service from one WLAN and one cellular network is available in Fig. 2(a) . In area 2, services from two WLANs and two cellular networks, which consist of an MBS and an FBS, respectively, are present in Fig. 2(b) . In area 3, two WLANs and three cellular networks, which consist of an MBS, an MiBS, and an FBS, are available in Fig. 2(c) . In area 4, services from three WLANs and two cellular networks that consist of an MBS and an FBS are available in Fig. 3(a) . In area 5, services from four WLANs and three cellular networks, which consist of an MBS, an MiBS, and an FBS are available in Fig. 3(b) . In area 6, services from five WLANs and three cellular networks, which consist of an MBS, an MiBS, and an FBS, are available in Fig. 3(c) . We assume that the set of candidate WLAN APs and cellular BSs are the ones that provide the highest received signal strength to the MTs for the given coverage area. The cellular BS is based on the 4G orthogonal frequency-division multiple-access (OFDMA) technology and assumes a maximum data-rate capacity of 50 Mb/s [59] , [60] . In addition, a WLAN AP is based on the IEEE 802.11 with enhanced DCF media access control and assumes a maximum data-rate capacity of 54 Mb/s [41] . The number of MTs with multihoming capability is between [10; 50] , and η is chosen to be 1. Variable η is used so that the outcome of the utility function scales with the bandwidth data-rate unit. In our simulation setting, both WLAN and cellular network have same units [Mb/s]; therefore, all assume the same η = 1.
Figs. 2 and 3 show the comparison of optimal objective function values obtained by GAMS/BARON for the original MINLP, the relaxed convex optimization (21), and our proposed heuristic method (38) . It can be seen that the numerical results coincide very well with GAMS/BARON and provide near-optimal results. As discussed earlier, the upper bound is obtained by optimizing over a larger feasible domain, which results in a slightly greater objective function values over GAMS/BARON, as shown in Figs. 2 and 3 . On the other hand, the heuristic method takes less value than GAMS/BARON since it is calculated by a feasible solution of (P 1 ). One interesting observation in Fig. 2(a) is the two-network case where N 1 = 1 and where N 2 = 1. In this case, since either S * and H * has only one row, all the elements of S * and H * are ones to ensure the condition that the summation of all elements in each column is 1. Following this particular structure, for both matrices, the requirement (28) and (29) for the summation of all elements in each row is always met. Therefore, the validation of this special case is also confirmed in the matrix interpretation. Basically, remainders are always zero when N 1 = N 2 = 1. Hence, by applying the modified Lagrange duality method, the relaxed problem (P 2 ) is ensured to have a binary optimal solution with the proposed heuristic method, which is also globally optimal for the nonconvex MINLP problem (P 1 ).
V. CONCLUSION
In this paper, the joint MT assignment and optimal datarate allocation problem for HetNets has been investigated under the setup where the MTs present multihoming capability. In particular, the problem of maximizing the overall network datarate capacity is considered. First, we formulate the primary problem as a nonconvex MINLP (P 1 ) and transform it into a convex optimization problem (P 2 ) using a change of variables and the binary variable relaxation approach. Then, the modified Lagrange duality method is adopted, and the problem is decomposed into four subcomponents. It is shown that the optimal solutions of the relaxed convex optimization problem yield to the upper bound for the original nonconvex MINLP, and the proposed heuristic method further provides a lower bound that also performs near-optimal solution of the original nonconvex MINLP. In addition, the difference between the original nonconvex MINLP and the heuristic method is determined analytically. The validity of the proposed method is confirmed by numerical results.
In future research, we will investigate the physical-layer constraints to develop a cross-layer design approach that maximizes the allocated data rate and accounts for channel gain and fading parameters. Taking into account the fading effects in the optimization approach is a major problem that is beyond the scope of this paper.
APPENDIX A
Here, it is proved that problem (P 2 ) is a convex optimization problem. The Hessian matrix of the function x nmi ln(1 + η(w nmi /x nmi )) is first calculated as follows: 
It is observed that the Hessian matrix (40) is positive semidefinite, which leads to the fact that the function x nmi ln(1 + η(w nmi /x nmi )) is a concave function. Furthermore, the objective function in (P 2 ) is concave since the summation of concave functions is also concave. Therefore, problem (P 2 ) is a convex optimization problem because all the constraints are affine [57] .
APPENDIX B
Here, it is proved that λ 1 = · · · = λ n . Assume that not all λ n , n = 1, . . . , N 1 are equal to each other, then there exists a λ k in this sequence such that λ k > λ min , where λ min = min n=1,...,N 1 λ n . Since A(λ n ) is a monotonically decreasing function, it follows that A(λ k ) < A(λ min ). Therefore, to maximize (10), the kth row of S is assigned to be all zeros. In other words, if any positive value is assigned to the row corresponding to A(λ k ), then that value can be added to the row corresponding to A(λ min ), which will yield a larger objective value. Consequently, it follows that s km = 0, m ∈ M and moreover x kmi = 0, m ∈ M, |i ∈ I 1 .
Due to (6) w kmi = 0, m ∈ M, i ∈ I 1 .
It remains that m∈M i∈I
where the last equality follows from (41) and the fact that k ∈ N 1 (the cellular interface cannot connect to the WLAN network). Based on (7), λ k = 0. Then, the assumption that λ k > λ min leads to λ min < 0, which is contradictory to the nonnegativity property of the Lagrange multiplier λ. In addition, the argument that λ k = 0 also voids the assumption λ n = 0 when deriving (6) . This completes the proof.
